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The 2D pair-condensate is characterized by a charge ordered state with a ”checkerboard” pattern in
the planes and with an alternating superstructure along the c-axis. We find that Coulomb energy
gain occurs along the c-axis, which is proportional to the measured condensation energy (U0) and to
Tc: E
3D
c ≈ 2(ξab/a0+1)
2U0 ≈ kBTc and is due to inter-layer charge complementarity (charge asym-
metry of the boson condensate) where ξab is the coherence length of the condensate and a0 ≈ 3.9A˚
is the in-plane lattice constant. The static c-axis dielectric constant ǫc and the coherence length ξab
are also calculated for various cuprates and compared with the available experimental data and the
agreement is excellent.
PACS numbers: 74.72.-h Cuprate superconductors
PACS numbers: 74.20.Mn Nonconventional mechanisms
PACS numbers: 74.20.-z Theories and models of superconducting state
I. INTRODUCTION
Charge ordering seems to be a general phenomenon
in various layered metal oxides [1]. Among these ma-
terials charge ordered state (COS) is also found in su-
perconducting cuprates, although its role plays in high
temperature superconductivity (HTSC) is still a matter
of considerable debate [2]. Local probes such as scan-
ning tunnelling microscopy (STM) revealed recently ev-
idence for a static checkerboard charge pattern with a
real-space modulation periodicity of 4a0 in the vortex
core of Bi2212 [3] which is a provocative evidence for
pinned charge stripes [4]. Although the precise period of
the modulation is still controversial, however, it seems to
be comparable with the lattice constant [4].
The checkerboard COS of cuprates attracted recently
the attention of several theoreticians as well [5]. The
checkerboard COS (CCOS) can be understood as the in-
plane alternation of holes and anti-holes (electron-hole
pairs) in such a way that a Cooper wave-function is lo-
calized on the coherence area [7]. Therefore the black
and white ”fields” of the CCOS correspond to partial
charges of ∼ ±0.16e (pinned to lattice sites), that is the
optimal hole content found in various cuprates [9,8]. Us-
ing this simple static picture the sum of the ∼ −0.16e
partial charges (anti-holes, e.g. the black fields) on the
checkerboard gives the 2e charge of the charge carrier
quasiparticle (charge sum rule for the CCOS) [7].
Starting from a Cu-O bond oriented ”checkerboard”
charge pattern with the observed 4a0 periodicity [3] we
propose a simple phenomenological model for explain-
ing the 3D character of HTSC in cuprates supported
by calculations. Within our model the width of the
checkerboard coincides with the superconducting coher-
ence length ξab. Furthermore we assume the alternation
of the ”checkerboard” charge pattern along the c-axis
(that is normal to the planes) which leads to Coulomb
energy gain. Without this assumption inter-layer (IL)
Coulomb instabilty occurs in layered cuprates due to the
enormous IL repulsion of holes. We would like to study
the magnitude of direct Coulomb interaction between
charge ordered square superlattice layers as a possible
source of pairing interaction. Our intention is to un-
derstand HTSC within the context of an IL Coulomb-
mediated mechanism. The IL charging energy we wish
to calculate depends on the IL spacing (d), the IL di-
electric constant ǫc, the hole content p and the size of
the superlattice. Finally we calculate the static c-axis di-
electric constant ǫc (that is normal to the ab-plane) and
the coherence length ξab for various cuprates which are
compared with the available experimental observations.
II. CHECKERBOARD CHARGE PATTERN AND
THE SUPERCONDCUTING ORDER
PARAMETER
The supercondcuting order parameter which corre-
sponds to the model with a checkerboard charge mod-
ulation in the planes takes the form of
Ψ(x, y) = n
1/2
0 [cos(
x
a0
π) + cos(
y
a0
π)], (1)
where the x and y coordinates are varying in the range
of x, y = [0; ξab]. The factor n0 is the maximal value of
the charge density at the lattice site centers. Eq. (1) is
displayed for the coherence area in FIG 2. The modula-
tion of the order parameter corresponds to the real-space
modulation of the hole density in the supercondcuting
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FIG. 1. The alternating ”checkerboard” charge ordered
state of the hole-anti-hole condensate in the 4a0 × 4a0 charge
ordered bilayer superlattice model. Each lattice sites (opened
and filled circles) correspond to a CuO2 unit cell. Note the
charge asymmetry between the adjacent layers. The bilayer
can accomodate a pair of boson condensate (4e). The in-
ter-layer charge complementarity of the charge ordered state
is crucial for getting inter-layer Coulomb energy gain.
(SC) state. This kind of order parameter is given earlier
by Alexandrov [6].
The order parameter must satisfy the charge sum rule
for the boson condensate indicating the localization of
the pair condensate within the coherence area,
2 =
∫ ξ2ab
0
|Ψ(x, y)|2dxdy. (2)
Another restriction on Ψ(x, y) is that its integral over a
unit cell whose area is ∼ (a0/2)
2 must correspond to the
hole content,
|qh(ah)| =
∫ (a0/2)2
0
|Ψ(x, y)|2dxdy ≈ 0.16. (3)
This equation reflects the lattice site centered localiza-
tion of the holes and anti-holes and later on leads to a
simple electrostatic model where the charge modulation
for simplicity is replaced by point charges centered in the
center of the holes and anti holes.
IL Coulomb energy gain occurs only in that case when
holes in one of the layers are in proximity with anti-holes
in the other layer (FIG 1, IL electrostatic complementar-
ity, bilayer 5×5 (4a0×4a0 model). An important feature
is then that the boson condensate can be described by an
IL charge asymmetry. Therefore we assume an alternat-
ing charge pattern along the c-axis. The IL coupling of
the boson-boson pairs in the bilayer 5×5 model naturally
suggests the effective mass of charge carriers m∗ ≈ 4me,
as it was found by measurements [11].
The 5×5 model can be generalized to represent aN×N
coherence area where N is the real space periodicity of
the superlattice. In the N × N superlattice model the
hole and anti-hole partial charges at each CuO2 lattice
sites are q = ±4e/N2 [7]. Important to note that the
charge sume rule holds for the characteristic bilayer with
cos(3.14*x/3)+cos(3.14*y/3)
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FIG. 2. The 3D view of the ”checkerboard” charge pat-
tern of the boson condensate corresponding to the 4a0 charge
modulation represented by the order parameter given in Eq.
(1). x and y coordinates are given in A˚. The wells and peaks
correspond to holes and anti-holes, respectively.
a coherence area
∑N2
i q
ahole
i = 4e where q
ahole
i is the
partial anti-hole charge at the ith anti-hole lattice site. In
other words a pair of a boson condensate can be localized
within a characteristic bilayer depicted in FIG 1.
The alternation of the charge pattern along the c-axis
is reflected in the order parameter by the layer by layer
alternation of cos and sin functions. For example, the
adjacent layer is described by
Ψ(x, y) = n
1/2
0 [sin(
x
a0
π) + sin(
y
a0
π)]. (4)
Without any experimental evidences we assume in this
paper that the IL Coulomb energy gain is the main con-
tribution to the condensation energy of the supercond-
cuting state. This seems to be rather arbitrary assump-
tion, however, we see no clear cut evidence for the ab-
plane contribution to the condensation energy U0 (given
per CuO2 unit cell) as well. In this paper we study
the case when HTSC is governed purely by the c-axis
Coulomb energy gain (potential energy driven supercon-
ductivity) and therefore there is no relation to the kinetic
energy driven mechanism proposed by P. W. Anderson
[15].
The condensation energy of a bilayer with a coherence
area in the planes (U0b) is given as follows
U0b = 2(n+ 1)
[
ξab
a0
+ 1
]2
≈ EIL,SCc , (5)
whereEIL,SCc is the Coulomb energy gain in the SC state.
U0 is the experimental condensation energy given per
unit cell. Eq. (5) is generalized for multilayer cuprates
introducing n. For single layer cuprates n = 0, for bilay-
ers n = 1, etc. The factor
[
ξab
a0
+ 1
]2
is the number
of CuO2 lattice sites in the planes (within the coherence
2
TABLE I. The calculated coherence length of the pair con-
densate given in a0 using the experimental condensation en-
ergies of various cuprates and Eq. (8) at optimal doping.
Tc (K) kBTc (meV) U0 (µeV/u.c.) ξ
calc
ab (a0) ξ
exp
ab (a0)
Bi2201 20 1.6 10a ∼ 8
LSCO 39 2.5 21b ∼ 7 5− 8c
Tl2201 85 7 100± 20d ∼ 5
Hg1201 95 7.8 80− 107e ∼ 5 5f
YBCO 92 7.5 110g ∼ 3 3− 4h
Bi2212 89 7.3 95g ∼ 3− 4 4− 6i
a0 ≈ 3.88A˚, U0 is the measured condensation energy of various cuprates
in µ eV per unit cell at optimal doping. a from [24], b U0 ≈ 2 J/mol
from [16,17], c from [10], d [25], e U0 ≈ 12− 16 mJ/g from [18,26] and
ξab from [19],
d U0 ≈ 11 J/mol from [20],
e U0 ≈ 10 J/mol from [20],
f from [19], g from [20], i from recent measurements of Wang et al.,
ξab ≈ 23A˚(∼ 5 − 6a0) [12],from STM images of ref. [3] ξab ≈ 4a0,
h
from [10], ξcalcab is calculated according to Eq. (8) and is also given in
Table I and ξexp
ab
is the measured in-plane coherence length given in
a0 ≈ 3.9A˚. The notations are as follows for the compounds: Bi2201 is
Bi2Sr2CuO6+δ , LSCO (La1.85Sr0.15CuO4), Tl2201 (Tl2Ba2CuO6),
Hg1201 (HgBa2CuO4+δ), YBCO (Y Ba2CuO7) and Bi2212 is
Bi2Sr2CaCu2O8+δ .
area). Factor 2 is applied in Eq. (5) because we calculate
the condensation energy of a bilayer.
The IL Coulomb energy is in the SC state
EIL,SCc =
e2
4πǫ0ǫc
2∑
n=1
Nl∑
m=2
N2∑
ij
q
(n)
i q
(m)
j
r
(n,m)
ij
, (6)
where r
(n,m)
ij is the inter-point charge distance and
r
(n,m)
ij ≥ dIL, where dIL is the IL distance (CuO2 plane
to plane, i 6= j). n,m represent layer indexes (n 6= m).
q
(n)
i and q
(m)
j are the point charges of holes and anti-holes
centered at CuO2 lattice
sites in the nth and mth layers. First the summation
goes within the bilayer up to N2 (the real space period-
icity of the CCOS, N ≈ ξaba0 + 1) then the IL Coulomb
interaction of the basal bilayer are calculated with other
layers along the c-axis in both direction (n = 1, 2) [7]. Nl
is the number of layers along the c-axis. When Nl →∞,
bulk EIL,SCc is calculated.
III. THE CONDENSATION ENERGY AND TC
The plot of U0b (the bilayer condensation energy)
against Tc is shown on FIG 3 using only experimental
data. Remarkably the data points of various cuprates
with a variety of critical temperature fit to a line and its
slope U0b/Tc is the Boltzmann constant kB. The aver-
age value we get is kB ≈ 1.3± 0.2× 10
−23J/K which is
remarkably close to the value of kB = 1.38× 10
−23J/K.
In the rest of the paper we will present further evidences
in order to show that the agreement is might not be ac-
cidental.
According to the perfect correlation found between U0b
and Tc the following formula can be derived using Eq. (5),
U0b = 2(n+ 1)
[
ξab
a0
+ 1
]2
U0 ≈ kBTc. (7)
Therefore the bilayer condensation energy U0b can di-
rectly be related to the thermal motion at Tc. Although
the mechanism of thermally induced depairing is not un-
derstood yet, it might be due to the destruction of the
lattice-CCOS interactions. In this respect polarons or
bipolarons might play a role in HTSC [5].
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FIG. 3. The critical temperature (K) at optimal doping as
a function of the bilayer condensation energy (2(n+1)N2U0,
meV) using Eq. (7). The straight line is a linear fit to the
data. The slope of the linear fit is U0b/Tc ≈ kB which is a
strong evidence of Eq. (7).
In order to test the validity of Eq. (7) we estimate the
coherence length of the pair condensate using Eq. (7) and
using only experimental data,
ξab ≈ a0
[ √
kBTc
2(n+ 1)U0
− 1
]
(8)
The results are given in Table I as ξcalcab (in a0 unit) and
compared with the available measured ξexpab . The agree-
ment is excellent which strongly suggests that Eq. (8)
should also work for other cuprates.
The expression Eq. (7) leads to the very simple formula
for the critical temperature using Eq. (5) and a simple
Coulomb expression for the IL coupling energy EIL,SCc
[7] (Tc ≈ k
−1
B E
IL,SC
c )
Tc(N, d, ǫc) ≈
e2
4πǫ0ǫckB
2∑
n=1
Nl∑
m=2
N2∑
ij
q
(n)
i q
(m)
j
r
(n,m)
ij
(9)
When Nl → ∞, bulk Tc is calculated. Tc can also be
calculated for thin films when Nl is finite. ǫc can also be
derived
ǫc ≈
e2
4πǫ0kBTc
2∑
n=1
Nl∑
m=2
N2∑
ij
q
(n)
i q
(m)
j
r
(n,m)
ij
(10)
3
TABLE II. The calculated dielectric constant ǫc using
Eq. (10) in various cuprates at the calculated coherence length
ξab of the charge ordered state given in Table I.
d(A˚) Tc(K) ξ
calc
ab (a0) ǫc ǫ
exp
c
Bi2201 12.2 20 8 9.9 12a
LSCO 6.65 39 7 11.3 23± 3, 13.5b
Hg1201 9.5 95 5 6.5
Tl2201 11.6 85 5 13.0 11.3c
YBCO 8.5 93 3 19.4 23.6d
where ξcalcab is the estimated in-plane coherence length given in a0 ≈
3.9A˚ unit. d is the CuO2 plane to plane inter-layer distance in A˚, Tc is
the experime ntal critical temperature. ǫc is from Eq. (10). ǫ
exp
c are the
measured values obtained from the following references: a [21], b [23],
or from reflectivity measurements [25], ωp ≈ 55cm
−1 [27], λc ≈ 3µm
[26], c from [25], d from reflectivity measurements: ωp ≈ 60cm
−1 [27],
λc ≈ 0.9µm [14].
where a c-axis average of ǫc is computed when Nl →∞.
The calculation of the c-axis dielectric constants ǫc
might provide further evidences for Eq. (7) when com-
pared with the measured values [13,23]. In Table II
we have calculated the static dielectric function ǫc using
Eq. (10) and compared with the experimental impedance
measurements [22,23]. ǫc can also be extracted from
the c-axis optical measurements using the relation [25]
ǫc(ω) = ǫc(∞)−c
2/(ω2pλ
2
c), where ǫ∞ and ωp are the high-
frequency dielectric constant and the plasma frequency,
respectively [28]. c and λc are the speed of light and
the c-axis penetration depth. At zero crossing ǫc(ω) = 0
and ωp = c/(λcǫ
1/2
c (∞)). Using this relation we predict
for the single layer Hg1201 the low plasma frequency of
ωp ≈ 8 cm
−1 using ǫc = ǫc(∞) ≈ 6.5 (Table II) and
λc ≈ 8 µm [26].
IV. CONCLUSION
Our primary result is that the boson condensate in the
superconducting state can be described by an alternating
”checkerboard” type of charge pattern along the c-axis
which leads to inter-layer charge complementarity and to
Coulomb energy gain. Our proposal is that this gain is
converted to the condensation energy of the supercon-
ducting state, although the detailed mechanism of this
process still remains unclear. Within our model the pair-
ing glue is provided by inter-layer coupling. This phsyical
picture naturally explains the variation of Tc system by
system in various conditions (external and chemical pres-
sure, multilayers, heterostructures etc.). Although the al-
ternation of the charge pattern along the c-axis is not yet
seen experimentally the model might be useful for further
studies in the future. The reason for this is simple: with-
out the assumption of inter-layer charge complementarity
the superconducting state would ”suffer” from enormous
inter-layer Coulomb instability (repulsion) which is cer-
tainly not the case. Local probes with sufficient depth
resolution in thin films might detect the presence of such
supermodulation of the charge pattern along the c-axis
in the future if the phenomenon exists in nature. Un-
fortunatelly the microscopic behaviour of pairing is still
puzzling: the possible conversion of the c-axis free energy
gain to pairing needs further understanding. Anyhow the
modulation of the charge density along the c-axis theo-
retically provides the possibilty of better understanding
HTSC.
It is a privilige to thank M. Menyha´rd for the continous
support. I greatly indebted to E. Sherman for reading the
manuscript carefully and for the helpful informations. I would
also like to thank for the helpful discussions with T. G.
Kova´cs, A. Ja´nossy, I. Bozovic and for the stimulating com-
ments to A. S. Alexandrov. This work is supported by the
OTKA grant F037710 from the Hungarian Academy of Sci-
ences
[1] For a brief review of manganites and cuprates see Y.
Tokura and N. Nagosa, Science 288, 462. (2000) and ref-
erences therein
[2] Nai-Chang Yeh, Bulletin of Associations of Asia Pacific
Physical Societies (AAPPS), Vol. 12, No. 2, page 2 – 20
(2002).
[3] J. E. Hoffman et al., Science 295, 466. (2002), Science
297, 1148. (2002)
[4] S. A. Kivelson, condmat/0210683
[5] A. S. Alexandrov, cond-mat/0306649, invited paper at
the International Conference on ’Dynamic Inhomogeni-
ties in Complex Oxides’ (June 2003, Bled, Slovenia), to
be appeared in J. Superconductivity,
[6] A. S. Alexandrov, Physica C305, 46. (1998)
[7] P. Su¨le, condmat/0303502, cond-mat/0303585
[8] J. L. Tallon, et al., Phys. Rev. B51, 12911. (1995), Pres-
land, et al., Physica C165, 391. (1991)
[9] C. Ambrosch-Draxl, P. Su¨le, H. Auer, E. Y. Sher-
man, (2003), Phys. Rev. B67, 100505., (2003), P. Su¨le,
C. Ambrosch-Draxl, H. Auer, E. Y. Sherman, cond-
mat/0109089,
[10] M. Tinkham, Introduction to Superconductivity, McGraw
-Hill, Inc. New York, 1996
[11] L. Krusin-Elbaum et al., Phys. Rev. Lett. 62, 217. (1989)
[12] Y. Wang et al., Science 299, 86. (2003)
[13] H. Kitano, T. Hanaguri, A. Maeda, Phys. Rev. B57,
10946. (1998),
[14] H. Kitano et al., Phys. Rev. B51, 1401. (1995)
[15] P. W. Anderson, The Theory of Superconductivity in the
High-Tc Cuprate Superconductors, Princeton Univ. Press,
1997
[16] J. W. Loram et al., J. Phys. Chem. Solids, 62, 59. (2001)
[17] N. Momono et al., J. Phys. Soc. Jap. 71, 2832. (2002)
[18] B. Billon et al., Phys. Rev. B56, 10824. (1997)
[19] J. R. Thompson, et al., Phys. Rev. B54, 7505. (1996)
[20] J. L. Tallon and J. W. Loram, Physica C349, 53. (2001)
[21] A. V. Boris, et al., Phys. Rev. Lett. 89, 277001-1., (2002)
[22] G. Cao et al., Phys. Rev. B47, 11510. (1993)
[23] D. Reagor et al., Phys. Rev. Lett. 62, 2048., (1989)
[24] D. van der Marel, et al., Physica C341-348, 1531. (2000)
[25] A. A. Tsvetkov et al., Nature, 395, 360. (1998)
4
[26] J. R. Kirtley, et al., Phys. Rev. Lett. 81, 2140. (1998)
[27] S. Das Sarma, E. H. Hwang, Phys. Rev. Lett. 80, 4753.
(1998)
[28] K. Tamasaku, et al., Phys. Rev. Lett. 69, 1455. (1992)
5
ar
X
iv
:c
on
d-
m
at
/0
30
66
98
v2
  [
co
nd
-m
at.
su
pr
-co
n]
  1
6 O
ct 
20
03
The checkerboard modulation and the inter-layer asymmetry of the hole density in
cuprates
P. Su¨le
Research Institute for Technical Physics and Material Science,
Konkoly Thege u. 29-33, Budapest, Hungary,
sule@mfa.kfki.hu
(November 1, 2018)
The 2D pair-condensate is characterized by a charge ordered state with a ”checkerboard” pattern in
the planes and with an alternating superstructure along the c-axis. We find that Coulomb energy
gain occurs along the c-axis, which is proportional to the measured condensation energy (U0) and to
Tc: E
3D
c ≈ 2(ξab/a0+1)
2U0 ≈ kBTc and is due to inter-layer charge complementarity (charge asym-
metry of the boson condensate) where ξab is the coherence length of the condensate and a0 ≈ 3.9A˚
is the in-plane lattice constant. The static c-axis dielectric constant ǫc and the coherence length ξab
are also calculated for various cuprates and compared with the available experimental data and the
agreement is excellent.
PACS numbers: 74.72.-h Cuprate superconductors
PACS numbers: 74.20.Mn Nonconventional mechanisms
PACS numbers: 74.20.-z Theories and models of superconducting state
I. INTRODUCTION
Charge ordering seems to be a general phenomenon
in various layered metal oxides [1]. Among these ma-
terials charge ordered state (COS) is also found in su-
perconducting cuprates, although its role plays in high
temperature superconductivity (HTSC) is still a matter
of considerable debate [2]. Local probes such as scan-
ning tunnelling microscopy (STM) revealed recently ev-
idence for a static checkerboard charge pattern with a
real-space modulation periodicity of 4a0 in the vortex
core of Bi2212 [3] which is a provocative evidence for
pinned charge stripes [4]. Although the precise period of
the modulation is still controversial, however, it seems to
be comparable with the lattice constant [4].
The checkerboard COS of cuprates attracted recently
the attention of several theoreticians as well [5]. The
checkerboard COS (CCOS) can be understood as the in-
plane alternation of holes and anti-holes (electron-hole
pairs) in such a way that the Cooper wave-function is
composed of the anti-holes and is localized within the
coherence area [?]. Therefore the black and white ”fields”
of the CCOS correspond to partial charges of ∼ ±0.16e
(pinned to lattice sites), that is the optimal hole content
found in various cuprates [7,8]. Using this simple static
picture the sum of the ∼ −0.16e partial charges (anti-
holes, e.g. the black fields) on the checkerboard gives the
2e charge of the charge carrier quasiparticle (charge sum
rule for the CCOS).
Starting from a Cu-O bond oriented ”checkerboard”
charge pattern with the observed 4a0 periodicity [3] we
propose a simple phenomenological model for explain-
ing the 3D character of HTSC in cuprates supported
by calculations. Within our model the width of the
checkerboard coincides with the superconducting coher-
ence length ξab. Furthermore we assume the alternation
of the ”checkerboard” charge pattern along the c-axis
(that is normal to the planes) which leads to Coulomb
energy gain. Without this assumption inter-layer (IL)
Coulomb instabilty occurs in layered cuprates due to the
enormous IL repulsion of holes. We would like to study
the magnitude of direct Coulomb interaction between
charge ordered square superlattice layers as a possible
source of pairing interaction. Our intention is to un-
derstand HTSC within the context of an IL Coulomb-
mediated mechanism. The IL charging energy we wish
to calculate depends on the IL spacing (d), the IL dielec-
tric constant ǫc, the hole content p and the size of the
superlattice. Finally we calculate the static c-axis dielec-
tric constant ǫc and the coherence length ξab for various
cuprates which are compared with the experimental ob-
servations.
II. CHECKERBOARD CHARGE PATTERN AND
THE SUPERCONDCUTING ORDER
PARAMETER
The supercondcuting order parameter (OP) which cor-
responds to the model with a checkerboard charge mod-
ulation in the planes takes the form of
Ψ(x, y) = n
1/2
0 [cos(
x
a0
π) + cos(
y
a0
π)], (1)
where the x and y coordinates are varying in the range
of x, y = [0; ξab]. For simplicity the distribution of the
OP is neglected in the 3rd dimension and a nearly per-
fect 2D character is attributed to the condensate. The
3D anisotropy of the condensate is negligible in the su-
perconducting (SC) state which is reflected by the ra-
tio of the in-plane and out of plane coherence lengths
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FIG. 1. The alternating ”checkerboard” charge ordered
state of the hole-anti-hole condensate in the 4a0 × 4a0 charge
ordered bilayer superlattice model. Each lattice sites (opened
and filled circles) correspond to a CuO2 unit cell. Note the
charge asymmetry between the adjacent layers. The bilayer
can accomodate a pair of boson condensate (4e). The in-
ter-layer charge complementarity of the charge ordered state
is crucial for getting inter-layer Coulomb energy gain.
ξab/ξc ≈ 10 [9]. The factor n0 is the maximal value of
the charge density at the lattice site centers. Eq. (1) is
displayed for the coherence area in FIG 2. The modula-
tion of the order parameter corresponds to the real-space
modulation of the hole density in the supercondcuting
(SC) state. This kind of order parameter is given earlier
by Alexandrov [6].
The order parameter must satisfy the charge sum rule
for the boson condensate indicating the localization of
the pair condensate within the coherence area,
2 ≈
∫ ξ2ab
0
|Ψ(x, y)|2dxdy. (2)
Another restriction on Ψ(x, y) is that its integral over a
unit cell whith the area of ∼ (a0/2)
2 must correspond to
the hole content,
|qh(ah)| =
∫ (a0/2)2
0
|Ψ(x, y)|2dxdy ≈ 0.16. (3)
This equation reflects the lattice site centered localization
of the holes and anti-holes and leads to a simple electro-
static model where the charge modulation for simplicity
is replaced by point charges centered in the center of the
holes and anti holes (see later).
IL Coulomb energy gain occurs only in that case when
holes in one of the layers are in proximity with anti-holes
in the other layer (FIG 1, IL electrostatic complementar-
ity, bilayer 5×5 (4a0×4a0 model). An important feature
is then that the boson condensate can be described by an
IL charge asymmetry. Therefore we assume an alternat-
ing charge pattern along the c-axis. The IL coupling of
the boson-boson pairs in the bilayer 5×5 model naturally
suggests the effective mass of charge carriers m∗ ≈ 4me,
as it was found by measurements [10].
The 5×5 model can be generalized to represent aN×N
coherence area where N is the real space periodicity of
cos(3.14*x/3)+cos(3.14*y/3)
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FIG. 2. The 3D view of the ”checkerboard” charge pat-
tern of the boson condensate corresponding to the 4a0 charge
modulation represented by the order parameter given in Eq.
(1). x and y coordinates are given in A˚. The wells and peaks
correspond to holes and anti-holes, respectively.
the superlattice. In theN×N superlattice model the hole
and anti-hole partial charges at each CuO2 lattice sites
are q = ±4e/N2. Important to note that the charge sume
rule holds for the characteristic bilayer with a coherence
area
∑N2
i q
ahole
i = 4e where q
ahole
i is the partial anti-hole
charge at the ith anti-hole lattice site. In other words
a pair of a boson condensate can be localized within a
characteristic bilayer depicted in FIG 1.
The alternation of the charge pattern along the c-axis
is reflected in the order parameter by the layer by layer
alternation of cos and sin functions. For example, the
adjacent layer is described by
Without any experimental evidences we assume in this
paper that the IL Coulomb energy gain is the main con-
tribution to the condensation energy of the supercond-
cuting state. This seems to be rather arbitrary assump-
tion, however, we see no clear cut evidence for the ab-
plane contribution to the condensation energy U0 (given
per CuO2 unit cell) as well. In this paper we study
the case when HTSC is governed purely by the c-axis
Coulomb energy gain (potential energy driven supercon-
ductivity) and therefore there is no relation to the kinetic
energy driven mechanism proposed by several authors
[14].
The condensation energy of a bilayer with a coherence
area in the planes (U0b) is given as follows
U0b = 2(n+ 1)
[
ξab
a0
+ 1
]2
U0 ≈ E
IL,SC
c , (4)
whereEIL,SCc is the Coulomb energy gain in the SC state.
U0 is the experimental condensation energy given per
unit cell. Eq. (4) is generalized for multilayer cuprates
introducing n. For single layer cuprates n = 0, for bilay-
ers n = 1, etc. The factor
[
ξab
a0
+ 1
]2
is the number
2
TABLE I. The calculated coherence length of the pair con-
densate given in a0 using the experimental condensation en-
ergies of various cuprates and Eq. (8) at optimal doping.
Tc (K) kBTc (meV) U0 (µeV/u.c.) ξ
calc
ab (a0) ξ
exp
ab (a0)
Bi2201 20 1.6 10a ∼ 8
LSCO 39 2.5 21b ∼ 7 5− 8c
Tl2201 85 7 100± 20d ∼ 5
Hg1201 95 7.8 80− 107e ∼ 5 5f
YBCO 92 7.5 110g ∼ 3 3− 4h
Bi2212 89 7.3 95g ∼ 3− 4 4− 6i
a0 ≈ 3.88A˚, U0 is the measured condensation energy of various cuprates
in µ eV per unit cell at optimal doping. a from [23], b U0 ≈ 2 J/mol
from [15,16], c from [9], d [24], e U0 ≈ 12 − 16 mJ/g from [17,25] and
ξab from [18],
d U0 ≈ 11 J/mol from [19],
e U0 ≈ 10 J/mol from [19],
f from [18], g from [19], i from recent measurements of Wang et al.,
ξab ≈ 23A˚(∼ 5 − 6a0) [11],from STM images of ref. [3] ξab ≈ 4a0,
h
from [9], ξcalcab is calculated according to Eq. (8) and is also given in
Table I and ξexp
ab
is the measured in-plane coherence length given in
a0 ≈ 3.9A˚. The notations are as follows for the compounds: Bi2201 is
Bi2Sr2CuO6+δ , LSCO (La1.85Sr0.15CuO4), Tl2201 (Tl2Ba2CuO6),
Hg1201 (HgBa2CuO4+δ), YBCO (Y Ba2CuO7) and Bi2212 is
Bi2Sr2CaCu2O8+δ .
of CuO2 lattice sites in the planes (within the coherence
area). Factor 2 is applied in Eq. (4) because we calculate
the condensation energy of a bilayer.
The IL Coulomb energy is in the SC state
EIL,SCc =
e2Q
4πǫ0ǫc
, (5)
where
Q =
Nl∑
m=2
N2∑
ij
q
(n)
i q
(m)
j
r
(n,m)
ij
, (6)
where r
(n,m)
ij is the inter-point charge distance and
r
(n,m)
ij ≥ dIL, where dIL is the IL distance (CuO2 plane
to plane, i 6= j). n,m represent layer indexes (n 6= m).
q
(n)
i and q
(m)
j are the point charges of holes and anti-holes
centered at CuO2 lattice sites in the nth and mth layers.
First the summation goes within the bilayer up to N2
(the real space periodicity of the CCOS, N ≈ ξaba0 + 1)
then the IL Coulomb interaction of the basal bilayer are
calculated with other layers along the c-axis in both di-
rection (n = 1, 2). Nl is the number of layers along the
c-axis. When Nl →∞, bulk E
IL,SC
c is calculated.
III. THE CONDENSATION ENERGY AND TC
The plot of U0b (the bilayer condensation energy)
against Tc is shown in FIG 3 using only experimental
data. Remarkably the data points of various cuprates
with a variety of critical temperature fit to a line and its
slope U0b/Tc is the Boltzmann constant kB .
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FIG. 3. The bilayer condensation energy (U0b, meV) as a
function of the critical temperature (K) at optimal doping.
The straight line is a linear fit to the data. The slope of
the linear fit is U0b/Tc ≈ kB which is a strong evidence of
Eq. (7). The error bars denote standard deviations estimated
from various measurements of the condenstaion energy.
The average value we get is kB ≈ 1.3±0.2×10
−23J/K
which is remarkably close to the value of kB = 1.38 ×
10−23J/K. In the rest of the paper we will present fur-
ther evidences in order to show that the agreement might
not be accidental. According to the correlation found be-
tween U0b and Tc the following formula can be derived
using Eq. (4),
U0b = 2(n+ 1)
[
ξab
a0
+ 1
]2
U0 ≈ kBTc. (7)
Therefore the bilayer condensation energy U0b can di-
rectly be related to the thermal motion at Tc. Although
the mechanism of thermally induced depairing is not un-
derstood yet, it might be due to the destruction of the
lattice-CCOS interactions above Tc. In this respect po-
larons or bipolarons might play a role in HTSC [5].
In order to test the validity of Eq. (7) we estimate
the coherence length of the pair condensate derived from
Eq. (7) and using only experimental data,
ξab ≈ a0
[ √
kBTc
2(n+ 1)U0
− 1
]
(8)
The results are given in Table I as ξcalcab (in a0 unit) and
compared with the available measured ξexpab . The agree-
ment is excellent which strongly suggests that Eq. (8)
should also work for other cuprates.
The expression Eq. (7) leads to the very simple formula
for the critical temperature using Eq. (4) and a simple
Coulomb expression for the IL coupling energy EIL,SCc
(Tc ≈ k
−1
B E
IL,SC
c )
Tc(N, d, ǫc) ≈
e2Q
4πǫ0ǫckB
(9)
When Nl → ∞, bulk Tc is calculated. Tc can also be
calculated for thin films when Nl is finite. ǫc can also be
derived
3
TABLE II. The calculated dielectric constant ǫc using
Eq. (10) in various cuprates at the calculated coherence length
ξab of the charge ordered state given in Table I.
d(A˚) Tc(K) ξ
calc
ab (a0) ǫc ǫ
exp
c
Bi2201 12.2 20 8 9.9 12a
LSCO 6.65 39 7 11.3 23± 3, 13.5b
Hg1201 9.5 95 5 6.5
Tl2201 11.6 85 5 13.0 11.3c
YBCO 8.5 93 3 19.4 23.6d
where ξcalcab is the estimated in-plane coherence length given in a0 ≈
3.9A˚ unit. d is the CuO2 plane to plane inter-layer distance in A˚, Tc is
the experime ntal critical temperature. ǫc is from Eq. (10). ǫ
exp
c are the
measured values obtained from the following references: a [20], b [22],
or from reflectivity measurements [24], ωp ≈ 55cm
−1 [26], λc ≈ 3µm
[25], c from [24], d from reflectivity measurements: ωp ≈ 60cm
−1 [26],
λc ≈ 0.9µm [13].
ǫc ≈
e2Q
4πǫ0kBTc
(10)
where a c-axis average of ǫc is computed when Nl →∞.
The calculation of the c-axis dielectric constants ǫc
might provide further evidences for Eq. (7) when com-
pared with the measured values [12,22]. In Table II
we have calculated the static dielectric function ǫc using
Eq. (10) and compared with the experimental impedance
measurements [21,22]. ǫc can also be extracted from
the c-axis optical measurements using the relation [24]
ǫc(ω) = ǫc(∞)−c
2/(ω2pλ
2
c), where ǫ∞ and ωp are the high-
frequency dielectric constant and the plasma frequency,
respectively [27]. c and λc are the speed of light and
the c-axis penetration depth. At zero crossing ǫc(ω) = 0
and ωp = c/(λcǫ
1/2
c (∞)). Using this relation we predict
for the single layer Hg1201 the low plasma frequency of
ωp ≈ 8 cm
−1 using ǫc = ǫc(∞) ≈ 6.5 (Table II) and
λc ≈ 8 µm [25].
IV. CONCLUSION
Our primary result is that the boson condensate in the
superconducting state can be described by an alternating
”checkerboard” type of charge pattern along the c-axis
which leads to inter-layer charge complementarity and to
Coulomb energy gain. Our proposal is that this gain is
converted to the condensation energy of the supercon-
ducting state, although the detailed mechanism of this
process still remains unclear. Within our model the pair-
ing glue is provided by inter-layer coupling. This phsyical
picture naturally explains the variation of Tc system by
system in various conditions (external and chemical pres-
sure, multilayers, heterostructures etc.). Although the al-
ternation of the charge pattern along the c-axis is not yet
seen experimentally the model might be useful for further
studies in the future. The reason for this is simple: with-
out the assumption of inter-layer charge complementarity
the superconducting state would ”suffer” from enormous
inter-layer Coulomb instability (repulsion) which is cer-
tainly not the case. Local probes with sufficient depth
resolution in thin films might detect the presence of such
supermodulation of the charge pattern along the c-axis
in the future if the phenomenon exists in nature. Un-
fortunatelly the microscopic behaviour of pairing is still
puzzling: the possible conversion of the c-axis free energy
gain to pairing needs further understanding. Anyhow the
modulation of the charge density along the c-axis theo-
retically provides the possibilty of better understanding
HTSC.
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